Discreteness of Space from GUP II: Relativistic Wave Equations 
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Various theories of Quantum Gravity predict modifications of the Heisenberg Uncertainty Prin- 
ciple near the Planck scale to a so-called Generalized Uncertainty Principle (GUP). In some recent 
papers, we showed that the GUP gives rise to corrections to the Schrdinger equation, which in turn 
affect all quantum mechanical Hamiltonians. In particular, by applying it to a particle in a one- 
dimensional box, we showed that the box length must be quantized in terms of a fundamental length 
(which could be the Planck length), which we interpreted as a signal of fundamental discreteness of 
space itself. In this Letter, we extend the above results to a relativistic particle in a rectangular as 
well as a spherical box, by solving the GUP-corrected KleinGordon and Dirac equations, and for the 
latter, to two and three dimensions. We again arrive at quantization of box length, area and volume 
and an indication of the fundamentally grainy nature of space. We discuss possible implications. 



Various approaches to quantum gravity (such as String 
Theory and Doubly Special Relativity (or DSR) Theo- 
ries), as well as black hole physics, predict a minimum 
measurable length, and a modification of the Heisenberg 
Uncertainty Principle to a so-called Generalized Uncer- 
tainty Principle, or GUP, and a corresponding modifica- 
tion of the commutation relations between position co- 
ordinates and momenta. The following GUP which we 
proposed in [1] is (and as far as we know the only one) 
consistent with DSR theories. String Theory and Black 
Holes Physics and which ensure [xi,a;j] = = [pi,Pj\ (via 
the Jacobi identity) ^ 



[xi,pj]^ih 



Sij-a[ pSij + -^-^ ) + a^{p^5ij + ipiPj 



(1) 



AxAp > - [1 - 2a < p > +Aa^ < p^ >] 



> 




+ 4a^ Ap^+4a^(p)^-2aV(p2) 



where a = ao/Mpic = ao£pi/h, Mpi = Planck mass, 
£pi « 10~^^ m — Planck length, and Mpic^ = Planck 
energy pa 10^^ GeV. It should be stressed that the GUP- 
induced terms become important near the Planck scale. 
It is normally assumed that ao ~ 1. (For earlier versions 
of GUP, motivated by String Theory, Black Hole Physics, 
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^ (a) In [1, 8, 9] we had used a in place of a. 

(b) The results of this article do not depend on this particular 
form of GUP chosen, and continue to hold for a large class of 
variants, so long as an 0(a) term is present in the right-hand 
side of Eq.(l). 



DSR etc, see e.g. [2-7], and for some phenomenologi- 
cal implications see [1, 8, 9].) Note that although Eqs. 
(1) and (2) are not Lorentz covariant, they are at least 
approximately covariant under DSR transformations [7] . 
We expect the results of our Letter to have similar co- 
variance as well. In addition, since DSR transformations 
preserve not only the speed of light, but also the Planck 
momentum and the Planck length, it is not surprising 
that Eqs. (1) and (2) imply the following minimum mea- 
surable length and maximum measurable momentum 



Ax > (Ax), 

Ap < {Ap)r, 



ao£pi 

Mpic 

ao 



It can be shown that the following definitions 



Xoi 



Pi = POi 



[l-apo + 2a^Po) 



(3) 
(4) 

(5) 



(2) (with XQi,poj satisfying the canonical commutation re- 



lations [xoi,poj] — ih 6ij, such that poi 



-ihd/dxoi) 



satisfy Eq.(l). In [1] we showed that any non-relativistic 
Hamiltonian of the form H = p^ /2m+ V{r) can be writ- 
ten as H ^ Po/'^.m - {a/m)pl + +V{r) + O(a^) using 
Eq.(5), where the second term can be treated as a per- 
turbation. Now, the third order Schrodinger equation has 
a new non-perturbative solution of the form f/; ~ gi'j:/2ah ^ 
which when superposed with the regular solutions per- 
turbed by terms 0{a), implies not only the usual quanti- 
zation of energy, but also that the box length L is quan- 
tized according to 



L 
ah 



ao£ 



PI 



2pTT + 9 , pe 



(6) 



where 9 = 0(1). We interpreted this as the quantization 
of measurable lengths, and effectively that of space it- 
self, near the Planck scale. In this Letter, we re-examine 



the above problem, but now assuming that the particle is 
relativistic. This we believe is important for several rea- 
sons, among which are that extreme high energy (ultra) - 
relativistic particles are natural candidates for probing 
the nature of spacetime near the Planck scale, and that 
most elementary particles in nature are fermions, obey- 
ing some form of the Dirac equation. Furthermore, as 
seen from below, attempts to extend our results to 2 
and 3 dimensions seem to necessitate the use of matri- 
ces. However, we first start by examining the simpler 
Klein-Gordon equation. 



The GUP-correctcd Dirac equation can thus be written 
to 0{a) as 3 

Hip — [cd-p + fSmc ) ip{r) 

— [cd ■ po — ca{d ■ po){d ■ pq) + /3Tnc ) tp{'r) 
= EiPif) (9) 

which for 1-spatial dimension, say z, is in the position 
representation 



sion 



KLEIN-GORDON EQUATION IN ONE 
DIMENSION 



The Klein-Gordon (KG) equation in 1-spatial dinien- 

2 



d (f 

'ihcaz— — h caf?—-^ -I- (iraf? 1 i!{z) — Eip{z) . (10) 
dz dz^ 



Note that this is a second order differential equation in- 
stead of the usual first order Dirac equation (we have 
used a1 = 1). Thus, it has two linearly independent, 
positive energy solutions, which to 0{a) are 



■ j^2 

p^$(i,x)= ( — 



2 2 

m c 



$(i,x) 



(7) 



We see that this is identical to the Schrodinger equation, 
when one makes the identification: 2mE/h^ = fc^ -^■ 
E'^/h'^c^ — nri?c^ I'h? . As a result, the quantization of 
length, which does not depend on fc, continues to hold 

However, in addition to fermions being the most fun- 
damental entities, the 3-dimensional version of KG equa- 
tion (7), when combined with Eq.(5), suffers from the 
drawback that the p^ term translates to p^ — Pq — 2apQ + 
Oia^) ^ -n2y2 ^ j2an3y3/2 ^ 0(0^), of which the sec- 
ond term is evidently non-local. As we shall see in the 
next section, the Dirac equation can address both issues 
at once. 



II. DIRAC EQUATION IN ONE DIMENSION 



pL 



Pay 



First we linearize po = 

Dirac prescription, i.e. replace pq 

ai (i — 1,2,3) and /3 are the Dirac matrices, for which 

we use the following representation 



Pq^ using the 
d ■ p, where 



<J, 
(J,. 



/ 
-/ 



(8) 



^1 = iVi e^' 



^^2 = N2 e 




(11) 



(12) 



ahkQ, 



where m is the mass of the Dirac particle, k = ko 

fco satisfies the usual dispersion relation E"^ — (ftfcoc)^ 



2\2 



hkpc 



and XX ^ -^- Note that r runs from 
(non-relativistic) to 1 (ultra- relativistic). fe,fco could be 
positive (right moving) or negative (left moving). Ni,N2 
are suitable normalization constants. As in the case of 
Schrodinger equation, here too a new non-perturbative 
solution -02 appears, which should drop out in the a — >■ 
(i.e no GUP) limit. This has a characteristic wavelength 
2T:ah. 

As noted in [11], to confine a relativistic particle in a 
box of length i in a consistent way avoiding the Klein 
paradox (in which an increasing number of negative en- 
ergy particles are excited), one may take its mass to be 
2;-dependent as was done in the MIT bag model of quark 
confinement 



■m{z) = M, z < (Region I) 

= m, < z < L (Region H) 

= M, z> L (Region HI), (13) 



^ In this and in subsequent sections, we start with the usual forms 
of the KG and Dirac equations, as is indeed the case for niasslcss 
particles, as well as for massive particles and in their station- 
ary states, with the re-definition m — > m(l — IpiE/hc), see e.g. 
Eq.(ll) of [6] or Eq.(14) of [10]. 



where m and M are constants and we will eventually 
take the limit M — > oo. Thus, we can write the general 



In this section, we closely follow the formulation of [11]. 



wavefunctions in the three regions 



ipi 



Ae-'^' I I +Ge*^ I |(14) 

-Rc^zX ) \ <^zX 



^_ 



II 



i, 



III 




X 



B e*'^^ I \ +C "-'''' 



F e'^ 



X 
~r<J^X 



(15) 



D e^^^ I \+H e'^ \ | , (16) 




ahKl 



and 



where E'^ ^ {hKocf + {Mc^f, K = Kq 
R = hKoc/{E + Mc^). Thus, in the hmit M ^ oo, 
K -^ +ZOO, the terms associated with A and D go to 
zero. However, those with G and H do not. Moreover, it 
can be shown that the fluxes due to these terms do not 
vanish. Thus, we must set G = = H. In addition, with- 
out loss of generality we choose B = 1 and C = e^^ where 
J is a real number. It can be shown that if one chooses 
|C| 7^ 1 then the energy of the relativistic particle is com- 
plex. Finally, we must have _F ^ a* , s > 0, such that 
this term goes to zero in the a ^- limit. Now, bound- 
ary conditions akin to that for the Schrodinger equation, 
namely '077 = at z = and z — L will require ipu to 
vanish identically. Thus, they are disallowed. Instead, 
we require the outward component of the Dirac current 
to be zero at the boundaries (the MIT bag model). This 
ensures that the particle is indeed confined within the 
box [12]. 

The conserved current corresponding to Eq.(lO) can 
be shown to be 



Jz ~ Tpj^ip + icha 

= Jqz + Jlz 



4. d^p dtp'' 

tp'- -—tp 

dz dz 



(17) 



where Jqz + Jiz are the usual and new GUP-induced 
currents, respectively. We will comment on Jiz shortly. 
First, the vanishing of the Dirac current J^ = ipj'^tp at 
a boundary is equivalent to the condition ij ■ ntp = ip 
there, where n is the outward normal to the boundary 
[12]. Applying this to Jq^ for the wavcfunction ipjj at 
z — and z = L gives [11] 



i/3azip_ 
and — iPoizip 



77 



77 



z=L 



77 



'77 



z=L 



(18) 
(19) 



respectively. Using the expression for ipn from (15), we 
get from (18) and (19), respectively. 



Be 



ikL 



B + C + E'e-'""/^ 
B-C 

(j^-ikL _|_ pi ^i{L/ah+T:/i\ 



-ir 



(20) 
(21) 



(where F' — \/2F), which in turn yield 

{ir - 1) - F'e-*'^/^ = (ir + l)e'^ (22) 

(ir — 1) — _F'e*(^/"''+'^/^'e*'^^e~*'' — 

{ir + l)e^(2fci-'5) . (23) 

Note that conditions (22) and (23) imply 

|B| = |C|+0(a), (24) 

which guarantees that 

Jlz = -2cank{l + r^) [\B\^ - \C\^] = . (25) 

Furthermore, from (22) and (23) it follows that 



kL = S = arctan ( 

mc 



+ Oia) (26) 



and 



L 
ah 



L 



2p7:-- , pen. (27) 
aalpi 2 



The transcendental equation (26) gives the quantized en- 
ergy levels for a relativistic particle in a box. Its a — > 
limit gives koL = arctan (—■^) which is Eq.(17) of 
ref.[ll], its non-relativistic limit gives (fco + afifco)-^ ~ '^""j 
while its non-relativistic and o — > limit yields the 
Schrodinger equation result koL — mr. Equation (27) on 
the other hand shows that such a particle cannot be con- 
fined in a box, unless the box length is quantized accord- 
ing to this condition. Note that this is identical to the 
quantization condition (6), which was derived using the 
Schrodinger equation (with the identification 9 = —tt/2). 
This indicates the robustness of the result. As measur- 
ing spatial dimensions requires the existence and obser- 
vation of at least one particle, the above result once again 
seems to indicate that effectively all measurable lengths 
are quantized in units of aoipi. 



III. DIRAC EQUATION IN TWO AND THREE 
DIMENSIONS 



Wc now generalize to a box in two or three dimensions 
defined by < Xi < Li,i ~ 1, ... ,d with d = 1,2, 3. We 
start with the following ansatz for the wavefunction 



V' = e''-' 



X 



p-CTX 



(28) 



where t and p are d-dimensional (spatial) vectors, and 
X^X — I 8.S before. In this case, Eq.(9) translates to 



HiP = e' 



f{{mc^ — cah^t^) + ch{t- p + id ■ (tx p)))x\ 

(cht— {m.cP + cah^t^)p) ■ ax 
Ftp , (29) 



where we have used the identity {t ■ S){p- a) = t- p + ia ■ 
{t X p). Eq.(29) imphes t x p = 0, i.e. p is parallel to t, 
and two solutions for t, namely t — k and t ^ 1/ah, and 
correspondingly p — r and p = 1. The latter solutions 
for t and p are the (new) non-perturbative ones, which as 
we shall see, will give rise to quantization of space. Thus 
the vector t for the two cases are t = k and t — -^ and 

an 

p = rk and p ^ q respectively, where q is an arbitrary 
unit vector *. Thus, putting in the normalizations, the 
two independent positive energy solutions are 



2-component equation 



± 



i, 



F e*'fi (Tfe qjGj 



nf=i (e*'"'"'' + e-'^'''^'-*')) + F e'^ 



CTfcX 



(34) 



Employing the MIT bag model boundary conditions and 
thus equating the rows I and II of Eq. (32) with the 
corresponding ones of Eq.(34) yields, respectively 



V^i = Nie'"-'' 



V'2 = ^26^" 




(30) 
(31) 



with ip2 being the new GUP-induced eigenfunction. 
Next, we consider the following wavefunction 



/ 



V' 



Ilt=i (e'''*"'' + e~*('=*^*"'^*)) + Fe'^ 



X 



Ell nti(e*"' + (-l)''^e-''''" 



V 



+Fe'^ qj 



Sii „-i{kiXi—Si)\ ^^ . 



(32) 



/ 



where d — 1,2,3, depending on the number of spatial 
dimensions and an overall normalization has been set to 
unity. The number of terms in row I and row II are 2'' + 1 
and (2'' + l)xd respectively, i.e. (3, 3), (5, 10) and (9,27) 
in 1,2 and 3 dimensions, respectively. It can be easily 
shown that the above is a superposition of i^'02 and the 
following 2"^ eigenfunctions, for all possible combinations 
with ei {i ~ 1, . . . ,d), with e^ = ±1 



,5 = g*(Etie.fe.^.+^V^<5.) 



X 



•Y.l=l<^^'k^'^^X , 



(33) 



where 5i (i ~ I,--- ,d) are phases to be determined 
shortly using boundary conditions. 

Again, we impose the MIT bag boundary conditions 
±ij3akip = V' jfc = lr''j'^j with the + and — signs 
corresponding to a;^ = and Xk — Lk respectively, en- 
suring vanishing flux through all six boundaries. First, 
we write the above boundary condition for any Xk , for the 
wavefunction given in Eq.(32). This yields the following 



** Although one can choose q = k, per se our analysis does not 
require this to be the case. We will comment on this towards the 
end of the Letter. 



n 



=± 



Aki 



j^ ^-i(k,x,-sM _^p 



a 

i Jl^e*^' + (_l)'5.'=e-'('='^'-'5-)) rkk 



+ iF e' a q^. 

d d 



(35) 






and 



ean 



d 



± 

1=1 

+ i F e*^ qk 

d _ d 

+ i 

j=i=ik 1=1 



a a 

i J2 [YiU'"''"' + {-lf'e-'^''^''^''^^Arkja 



F e*»fi qj(Tj<7k 



■j(Tk 



(36) 



Note that the only difference between Eqs.(35) and (36) is 
in the order of (Jk and (Tj in the last two terms in the RHS. 
Thus, adding the two equations and using {crfc,crj} = 0, 
these terms simply drop out. Next, dividing the rest 
by Mx,,h,S,) = nt^fc (e^'-"' + e-^C^----^-)) , where 
the subscript k of /^ signifies the lack of dependence on 
{xk,kk,Sk), we get 

ikkXk I „~i{kkXk-Sk) I fr^p e^S — 
'' k 

±i (e''"''^' - £-^('='=^'=-'5'=)) rkk ± ifj;;^F e'^qk . (37) 

Note that for all practical purposes the boundary condi- 
tion has factorized into its Cartesian components, at least 
in the a independent terms, which contain {xk,kk,Sk) 



alone, i.e. no other index i. Eq.(37) yields, at x^ — 
and Xk ~ Lk, respectively. 



e^'^ ( 1 + irh ] - ( irh - 1 ) + I^^Fle-'"'^ (38) 



and 



2*(2fe,L,-5,) (l^irk^\ 



irkk-l]+I^'Fle'"-e 



_-l T^' p^6k ^i^-^^ ^t{kkL^-5^) 



fi e' 



(39) 



where F^ = ■\/l + Igfep-F, Ok = arctang^ and we have 
assumed that f^ is evaluated at the same Xi (i ^ k) at 
both boundaries of Xk- Comparing Eqs.(38) and (39), 
which are the d-dimensional generalizations of Eqs.(22) 
and (23), we see that the following relations must hold 

kkLk = 4 = arctan( -] + 0{a) (40) 

V mc J 



\qk\Lk 

ah 



\qk\Lk 

ao£ 



PI 



2pkTT ~ 20k 



(41) 



While Eq.(40) yields quantization of energy levels in d 
dimensions {kkLk = nn in the non-relativistic limit), 
Eq.(41) shows that lengths in all directions are quantized. 
Further, one may choose the symmetric case \qk\ = l/vd 
^, in which case, it follows from Eq.(41) above 



Lk 
ao£pi 



= (2pfe7r - 26lfe) Vd, pkEN 



(42) 



which reduces to Eq.(27) for d = 1. Note that the above 
also gives rise to quantization of measured areas {N — 2) 
and volumes {N = 3), as follows 



N 



A.^Yl 



Lk 



N 



fe=l 



aoi 



PI 



d''/^Yl{2pkTr-2ek) , PfceN.(43) 



fe=i 



IV. SPHERICAL CAVITY: DIRAC EQUATION 
IN POLAR COORDINATES 

Finally, we solve the Dirac equation with the GUP- 
induced terms in a spherical cavity, and show that only 
cavities of certain discrete dimensions can confine a rel- 
ativistic particle. We follow the analysis of [13]. For re- 
lated references, see [12, 14]. A spherical cavity of radius 
R, defined by the potential 



U{r) ^ 0, r < i? , 

= f/o ^ oo, r > R 



(44) 



^ Alternatively, assuming no direetion is intrinsically preferred in 
space and the only special direction is provided by the particle 
momentum k, one can make the identification q = k, in which 

case \qk\ = ^k/y^i—i^i ~ l/v5, assuming that the momen- 
tum quantum numbers n^. ^ 1 and approximately equal, when 
space is probed at the fundamental level with ultra high energy 
super-Planckian particles. 



yields the following Dirac equation in component form 

c {^ ■ Po) X2 + {mc^ + U) xi - caplxi = Exi (45) 
c {S ■ Po) Xi - {mc^ + U) X2 - caplx2 = Ex2 (46) 



where the Dirac spinor has the form ib = [ I . It can 

\X2 ) _ 

be shown that the following operators commute with the 
GUP-corrected Hamiltonian: the total angular momen- 
tum operator (not to be confused with the Dirac current 
represented by the same letter) J = L + S/2 , K = 
/3 I E • i + / ) , where L is the orbital angular momen- 
tum, ^^ (q - ) , and K'^ ^ J^ + 1/4. Thus, eigen- 
values of J^ and K, namely j{j + 1) and k respectively, 
are related by k = ±{j + 1/2). Correspondingly, the 
Dirac spinor has the following form 






Xi 

X2 



I 2 n 



I 



1 1 

2 2 
1 1 
2^2 



J ]3 



Y;. 



Js- 



^(f) 



J .13 






'if) 



(47) 



(48) 



where Yj'^'^ are spherical harmonics and 
(ji J2 ini 7712 J Ml are Clebsch-Gordon coeffi- 
cients, xi and X2 are eigenstates of L^ with eigenvalues 
fi^iie + 1) and ft^i'^e' + 1), respectively, such that the 
following hold 



•In 
if K = .7 + - > , 



then i = K = j 
and if K = —{j + 



i' = K-l=j- 



<0 



then £ = -{n +1) = j - 7:, £' = -k = j 
Next, we use the following identities 



(49) 



(50) 



(J -po = 



a ■ r 



[(CT-f)(CT-po)] 



T 

a ■ r 



2 {T -pQ + ia -r Y.pQ 

r \ d. ^ — 

i(7 ■ L 



—lar—- 
dr 



a- L + lj x\.2 = TKXi,2 

{o-r)y^^-y% , {d-r)yi 



(51) 

(52) 

-y^l (53) 



where we have used [a ■ A){d ■ B) — A- B + ia ■ {Ay. B), 
the related identity {a ■ r)(a ■ r) — r^ , and the relation 



-7^fr{r'4?) + '-^ F{r)Yrf0T 



plF{r)Yr - f 

arbitrary function F(r), to obtain from Eqs.(45)-(46) 

dr r 



+cah 

,dg^ 
en— — 
dr 



1 d f^dgA i{e+i) 

r^ dr \ dr J j,2 • 

- c g^ - (mc + L/)/«, 

r 

1 d ( ^dfA £'{£' + 1) 



dr 



dr 



-f. 



Eg. (54) 



E.h -(55) 



As in the case of rectangular cavities, Eqs.(54)-(55) have 
the standard set of solutions, slightly perturbed by the 
GUP-induced term (represented by the 0{a) terms be- 
low) 



g.{r)^Nje{por)+0{a), 



(56) 



where £ = 



K , if K > 

-(k + 1), if k< 



«"' = "is 



E — mc^ 
E + mc^ 



Jt{por)+O{a), 



(57) 



where similar to the constant C in ref.[l], here one must 
have lima_>o ^' = 0, such that these new solutions drop 
out in the a — > limit. The boundary condition (58) now 
gives 



\g.ir)+g^{r)\'^\Mr)+ff{r)\\ 
which to 0(0) translates to 

[jiipoR)-jl{PoR)] 

+2N' [jeipoR] cos{R/ah) - jtiPoR) sm{R/ah)] = 
This again implies the following conditions 



(64) 



(65) 



jiipoR) 

tan{R/ah) 



Ji'iPaR) 
1 . 



(66) 

(67) 



The first condition is identical to Eq.(59), and hence the 
energy quantization. The second implies 



R 

ah 



R 



ao£ 



2pTr 



PI 



4 



pe 



(68) 



This once again, the radius of the cavity, and hence the 
area and volume of spheres are seen to be quantized. 



CONCLUSIONS 



where £ 



(k - 1) , if K > 
— K, if K < 



where ji{x) are spherical Bessel functions. It can be 
shown that the MIT bag boundary condition (at r = R) 
is equivalent to [12, 13] 

i^nip. = (58) 

which in the massless (high energy) limit yields 



'giir)~ll{r)\(y^y^+o(a) = Q 



(59) 



which in turn gives the quantization of energy (for energy 
eigenvalues obtained numerically from Eq.(59), see Table 
2.1, Chapter 2, ref. [13]. These will also undergo tiny 
modifications 0{a).). 

But from the analysis of previous sections, we ex- 
pect new non-perturbative solutions of the form /^ = 
J-«(r)e*^''/"'^ and g^ = g.{r)e'^''/'''' (where e = 0(1)) for 
which Eqs.(54)-(55) simplify to 



ah 



d'g. 


dU 


dr^ 


dr 


d'U 


dgK 


dr^ 


dr 



(60) 
(61) 



where we have dropped terms which are ignorable for 
small a. These indeed have solutions 



/; 









(62) 
(63) 



In this Letter, we have studied a relativistic particle 
in a box in one, two and three dimensions (including a 
spherical cavity in three dimensions), using the Klein- 
Gordon and Dirac equations with corrections that follow 
from the Generalized Uncertainty Principle. We have 
shown that to confine the particle in the box, the dimen- 
sions of the latter would have to be quantized in multiples 
of a fundamental length, which can be the Planck length. 
As measurements of lengths, areas and volumes require 
the existence and use of such particles, we interpret this 
as effective quantization of these quantities. Note that 
although existence of a fundamental length is apparently 
inconsistent with special relativity and Lorentz transfor- 
mations (fundamental length in whose frame?) ^ it is in- 
deed consistent, and in perfect agreement with Doubly 
Special Relativity Theories. It is hoped that the essence 
of these results will continue to hold in curved spacetimes, 
and even if possible fiuctuations of the metric can be take 
into account in a consistent way. In addition to exploring 
these issues, it would be interesting to study possible phe- 
nomenological implications of space quantization; e.g. if 
it has any measurable effects at distance scales far greater 
than the Planck length, such as at about 10~^ fm, the 
length scale to be probed by the Large Hadron Collider. 
We hope to make further studies in this direction and 
report elsewhere. 
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Note added 

Following a suggestion of the anonymous referee to re- 
examine wave equations for a spinless particle with rela- 
tivistic corrections, we explore two routes : 
(i) First, we write the time-dependent version of the 
GUP-corrcctcd Dirac equation (9) 

Hif) = [cd ■ p + I3mc ) tp{r,t) 

~ [cd ■ po — ca{d ■ po){d ■ po) + fSmc^) ^p{r, t) 
-5V(r,t) 



ih- 



dt 



(69) 



To study the non-relativistic limit, we write the spinor ip 
in a slightly different form as [15] 



^ 



e R' 



Xiir,t) 



(70) 



X2ir,t) 
and obtain the two component equations 

in—- = c[a-pa)X2-ca[a -po) Xi 
ot 

ifi-KT = -2mc^X2 + c ((? • Po) Xi - ca ((? • pof X2 ■ (72) 
For mc'^ » \dx2/dt\, Eq.(72) gives to 0{a) 



(71) 



Finally, substituting Xi(r, i) = e ^^^^^Xi{'^^ ^^ g^t 



1 \ 2 _ Q 

2m ''V ^" (2m)2c 



Xi = ^Xi 



(76) 



Although the above GUP-corrcctcd Pauli equation actu- 
ally describes a 2-component, non-relativistic spinor, it 
is an interesting (and new) extension of the Schrodinger 
equation, and can have potential applications elsewhere. 
Note that the above holds in any spacetime dimension 
and is local. In particular, in one dimension, in ad- 
dition to the usual pla ne wave solutions xi = e^**^ ^ 
(where k' == ^2mE/h? + ©(a)), Eq.(76) also admits of 

the non-perturbative solutions xi — e* Rv ^™'^''' ^, whi ch 
too are plane waves but with wavelength « h,\J ajmc = 
\J aotpih/rac. Imposing standard boundary condition 
Xi = at z = and z = L and following the proce- 
dure outlined in [1], it is easy to show that Lj \J a^ipi is 
quantized. 

(ii) Next, we square the operators on both sides of Eq.(9), 
use fP' — \ and the relation (a • pg)^ = Po to obtain 



W 



p\(? + rr?c^ 



Icap^ \cd ■ p 
= pIcP + vfi^c^ — 2cap^H 
= plc^{l-2aH/c)+Tn^c^ 



j3mc^ 



(77) 



1 



X2 



2mc 



{a-pof ((7-po)xi 



2toc 



which when substituted in Eq.(71) leads to 



ih 



dxi 



1 .. ..2 
TT- (C^ • Po) Xl 

2m 



dt 

{^ ■ Po) Xl -ca{a- pof xi • (74) 



(2m)2c 
Using the identity {<t ■ po) = p^, Eq.(74) becomes 



dt 



1 

2m 



ca Po 



(2m)^c 



Po 



Xl • 



(73) where in the last term of the intermediate step we have 
substituted H = cd ■ po + Pmc^ + 0{a). It is seen that 
the above too can be used in any dimension and is lo- 
cal. Furthermore, by construction, solutions of (9) are 
also solutions of (77) treated as a differential equation, 
resulting in identical space quantization results. 

We expect similar results to hold for equations gov- 
erning bosonic fields with higher spins, such as Maxwel's 
equations, including GUP corrections. It would be inter- 
esting to see the interplay of such a field with fermions, 
say via minimal coupling. We hope to report on it else- 
(75) where. 
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